Kuwait University Calculus II : Math 102 2 November 2011
Department of Mathematics First Examination Duration : 90 minutes

The use of a calculator of any kind is not allowed. All communication devices includ-
ing mobile telephones should be switched off. Answer all of the following questions.

1. Let f(z) = 11_ a for —o0 < z < 00.
(a) Show that f is one-to-one. (2 pts)
(b) Find the domain and range of f~'. (2 pts)
(c) Find a formula for f~*(z). (2 pts)

2. Suppose that f is a differentiable one-to-one function on (—o0o,00). Let

9(z) = arctan(f " (z))-
If f(—1) =2 and f'(—1) = 3, then find ¢'(2). (2 pts)

3. Use logarithmic differentiation to find 3/ where

~ |$|axp(32) (z— 3)3/5

- 3 pt
4. Evaluate the following integrals.
(a) /1 iy P (3 pts)
z 4 — x2 P
e®sinhz
5. Find the limit if it exists.
In(z + €%)
@) I e oz (4 pts)
~ e INYS
® (252 (4 pts)
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SOLUTION
dm f) =l Cem e =
, 1 —2(0)
Am f@) =5 =L

So, since f is continuous, the range of f is (—2,1).
For every y € (—2,1):
12

y:f(x)_l—i—ef’f = (14+ey=1-2" = €y+2)=1—y
=
ele_—y = z=In(1-y)—In(y+2).
y+2

So for every y in the range of f there is only one = with f(z) = y.

(b) The domain of f~1is (—2,1) and its range is (—00, 00).
(c) f(z) =In(1l — ) — In(x + 2).

2. f(-H)=2 = [f142)=-1 Therefore
, 1 L 1 1 1 1
@ = R P T T eE @) 1 D
o1 11
14 (=123 6
> Inly| = exp(z?) In|z| + 2 In|z — 3| — (sec™' z) In2 — In|In x|
=
Y ) o1 31 1 11
y_ 2)1 L m2— — -
) exp(x)( x)n|x|+exp(x)w+5x_3 " xz—ln N
=
2221 1 In2 1
J = x*In|z| + exp(z?) + 3 n

|I|6Xp(x2) (z — 3)3/5

(2860_1 x) In |I’|




(b)

(a)

/l 1—}—#2(13:—/1—1— 2 +x dx
T N ) B T A4 —x2 44— a2

= In|z|+ 2arcsin(z/2) — 2 In(4 — 2%) + C.

/ e? sinh © p 1/ e —1 p 1/ er —e* p
— aAx = —_ —_— ar = — — aX
e2r 4 3e* + 1 2 ) €2 +3e* +1 2) ee4+3+e"
— 1

2

In(e”* +3+¢e7) + C.

The limit is indeterminate of the form 8.

lim pEte) _ g L)/ (@ren)  (A+1)/0+1)

v=0 L (esine — cosz) @m0 ST cosw + sin 1(1) +0

1 T
So, by L'Hospital’s Rule, lim n(z + e’)

—_ = 2.
—0 eS1T — cosx

1/x
ln(x+3) :lln<x—|—3> In(x + 3) ln(coshx)'

coshz T coshzx T T
| 3 | h
lim M and lim M are indeterminate of the form %
T—>00 X r—00 xr
L n(z+3 1 3 1 1 1
i Gl BT ViChL ) SR —0 — 0.
. L In(coshz) . sinhz/coshz . et —e®
lim S = lm ——— = lim ——
T—00 EI‘ T—00 1 z—o0 e¥ 4+ e~

l—e2 1-0
£ _ = ~1

= lim = —
z—=oo 1l +e 22 140
| | h
So, by L’Hospital’s Rule, lim M =0 and lim M = 1.
r—00 €x T—00 X
3 1/x
Hence, limln<x+ ) =0—-1=-1.
T—00 cosh x
1/z
Answer: lim < z+3 > =e L.
z—o0 \ cosh x
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