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SOLUTION

1. (a) lim
x→∞

f(x) = lim
x→∞

e−x − 2

e−x + 1
=

0− 2

0 + 1
= −2.

lim
x→−∞

f(x) =
1− 2(0)

1 + 0
= 1.

So, since f is continuous, the range of f is (−2, 1).

For every y ∈ (−2, 1):

y = f(x) =
1− 2ex

1 + ex
⇒ (1 + ex)y = 1− 2ex ⇒ ex(y + 2) = 1− y

⇒

ex =
1− y

y + 2
⇒ x = ln(1− y)− ln(y + 2).

So for every y in the range of f there is only one x with f(x) = y.

(b) The domain of f−1 is (−2, 1) and its range is (−∞,∞).

(c) f−1(x) = ln(1− x)− ln(x+ 2).

2. f(−1) = 2 ⇒ f−1(2) = −1. Therefore

g′(2) =
1

1 + [f−1(2)]2
(f−1)′(2) =

1

1 + [f−1(2)]2
1

f ′(f−1(2))
=

1

1 + (−1)2
1

f ′(−1)

=
1

1 + (−1)2
1

3
=

1

6
.

3.
ln |y| = exp(x2) ln |x|+ 3

5
ln |x− 3| − (sec−1 x) ln 2− ln |ln |x||

⇒
y′

y
= exp(x2)(2x) ln |x|+ exp(x2)

1

x
+

3

5

1

x− 3
− 1

x
√
x2 − 1

ln 2− 1

ln |x|
1

x

⇒

y′ =

[
2x2 ln |x|+ 1

x
exp(x2) +

3

5(x− 3)
− ln 2

x
√
x2 − 1

− 1

x ln |x|

]
× |x|exp(x

2) (x− 3)3/5

(2sec−1 x) ln |x|
.



4. (a) ∫
1

x

(
1 +

x√
4− x2

)2

dx =

∫ (
1

x
+

2√
4− x2

+
x

4− x2

)
dx

= ln |x|+ 2arcsin(x/2)− 1
2
ln(4− x2) + C.

(b) ∫
ex sinhx

e2x + 3ex + 1
dx =

1

2

∫
e2x − 1

e2x + 3ex + 1
dx =

1

2

∫
ex − e−x

ex + 3 + e−x
dx

= 1
2
ln(ex + 3 + e−x) + C.

5. (a) The limit is indeterminate of the form 0
0
.

lim
x→0

d
dx

ln(x+ ex)
d
dx
(esinx − cosx)

= lim
x→0

(1 + ex)/(x+ ex)

esinx cos x+ sin x
=

(1 + 1)/(0 + 1)

1(1) + 0
= 2.

So, by L’Hospital’s Rule, lim
x→0

ln(x+ ex)

esinx − cosx
= 2.

(b)

ln

(
x+ 3

coshx

)1/x

=
1

x
ln

(
x+ 3

coshx

)
=

ln(x+ 3)

x
− ln(coshx)

x
.

lim
x→∞

ln(x+ 3)

x
and lim

x→∞

ln(cosh x)

x
are indeterminate of the form ∞

∞ .

lim
x→∞

d
dx

ln(x+ 3)
d
dx
x

= lim
x→∞

1/(x+ 3)

1
= lim

x→∞

1

x

1

1 + 3/x
= 0

1

1 + 3(0)
= 0.

lim
x→∞

d
dx

ln(cosh x)
d
dx
x

= lim
x→∞

sinhx/ coshx

1
= lim

x→∞

ex − e−x

ex + e−x

= lim
x→∞

1− e−2x

1 + e−2x
=

1− 0

1 + 0
= 1.

So, by L’Hospital’s Rule, lim
x→∞

ln(x+ 3)

x
= 0 and lim

x→∞

ln(cosh x)

x
= 1.

Hence, lim
x→∞

ln

(
x+ 3

coshx

)1/x

= 0− 1 = −1.

Answer: lim
x→∞

(
x+ 3

coshx

)1/x

= e−1.
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